We analyzed V -band photometry of the Be star ω CMa, obtained during the last four decades, during which the star went through four complete cycles of disc formation and dissipation. The data were simulated by hydrodynamic models based on a timedependent implementation of the viscous decretion disc (VDD) paradigm, in which a disc around a fast-spinning Be star is formed by material ejected by the star and driven to progressively larger orbits by means of viscous torques. Our simulations offer a good description of the photometric variability during phases of disc formation and dissipation, which suggests that the VDD model adequately describes the structural evolution of the disc. Furthermore, our analysis allowed us to determine the viscosity parameter α, as well as the net mass and angular momentum (AM) loss rates. We find that α is variable, ranging from 0.1 to 1.0, not only from cycle to cycle but also within a given cycle. Additionally, build-up phases usually have larger values of α than the dissipation phases. Furthermore, during dissipation the outward AM flux is not necessarily zero, meaning that ω CMa does not experience a true quiescence but, instead, switches between a high to a low AM loss rate during which the disc quickly assumes an overall lower density but never zero. We confront the average AM loss rate with predictions from stellar evolution models for fast-rotating stars, and find that our measurements are smaller by more than one order of magnitude.
INTRODUCTION
During the last decade, the equatorial, dust-free, Keplerian gaseous discs present around some rapidly rotating B stars were resolved by long-baseline optical and near-infrared (NIR) interferometry. Also, these discs reveal themselves by H i emission lines superimposed to the optical and IR spectrum of the star. Therefore, owing to the presence of emission lines, this subclass of non-supergiant, main-sequence B stars are specifically called Classical Be stars. These stars were the subject of a recent review paper by Rivinius et al. (2013a) .
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Conceptually, a Be disc is formed in two steps: the disc is fed by material ejected from the star with enough angular momentum (hereafter, AM) to reach an orbit around the star; subsequently the gas diffuses outwards. Recently, Baade et al. (2016) shed some light on the disc feeding mechanism: the authors suggest that a combination of frequencies of different pulsation modes may provide the needed kinetic energy and AM. After material is ejected, it slowly diffuses outwards by means of viscous torques. Thus, the discs around Be stars are likely described by the same mechanism found in the accretion discs of young stellar objects, namely viscous transport of material and AM. However, while in accretion discs the direction of mass flow is inwards, in Be stars it can alternate between outflow (decretion, when the disc is being actively fed by the central star) and inflow (when the disc reaccretes a large fraction of the material back to the star after the feeding mechanism is turned off), and for this reason the discs are referred to by the neologism "decretion discs". In practice, Be discs can be quite complicated, because different parts of the disc (e.g., inner vs. outer) may display different behaviors (accretion vs. decretion, see, e.g., Haubois et al. 2012) Accretion discs are seen in active galactic nuclei (AGNs) and protostellar clouds. The accretion process also occurs in a binary system when one of the companions fills its Roche lobe and spills material onto the secondary, which can be a black hole, a neutron star, a white dwarf or a dwarf star. Such a wide variety of systems, in which viscosity is of paramount importance, provides the motivation to investigate viscosity and measure its value; here, Be stars are ideal testbeds because their discs are dust-free and possess a considerably simpler structure than the aforementioned examples. Also, Be discs are relatively small (with typical sizes of a few tens of stellar radii), which implies that they have much shorter evolutionary timescales (weeks to months) than, say, AGN or protostellar discs. Furthermore, thanks to their specific properties, the study of Be stars provides a unique opportunity to probe and understand several important branches of astrophysics, e.g., asymmetric mass-loss processes, evolution of fast-rotating stars, asteroseismology, and, what is the most relevant for this paper, astrophysical discs.
One open issue for such systems is the origin of viscosity: so far no satisfactory theory of viscosity exists for the circumstellar medium and for this reason the α prescription for viscosity is commonly assumed (Shakura & Sunyaev 1973) . The α parameter links the scale of the turbulence to the (vertical) scale of the disc by the following formula ν = 2 3 αc s H,
where ν is the viscosity, c s is the isothermal sound speed and H is the disc scaleheight. Measuring the value of α as directly as possible will help astronomers to have a better understanding of the physics of viscosity and also of viscous discs, and this is one of the main motivations for this work. Viscous transport of material and AM forms the basis of the Viscous Decretion Disc model (Lee et al. 1991) . The model has been successfully applied to study individual stars (for instance, Carciofi et al. 2006; Jones et al. 2008; Carciofi et al. 2009; Klement et al. 2015 Klement et al. , 2017 and samples of Be stars (for instance, Silaj et al. 2010; Touhami et al. 2011; Vieira et al. 2017; Rímulo et al. 2018) . The main previous results are summarized by Rivinius et al. (2013a) .
The first effort to understand the dynamical evolution of VDDs around isolated Be stars was done by Jones et al. (2008) . This was later followed by a systematic study by Haubois et al. (2012) who coupled the SINGLEBE (Okazaki 2007) and HDUST (Carciofi & Bjorkman 2006 codes to study the theoretical effects of time variable mass loss rates on the structure of the disc and its consequences on the observed photometry. An important conclusion of their work was that time-dependent VDD calculations can explain well the observed temporal photometric phenomenology of Be stars such as loops in the color-magnitude diagram, believed to track the process of the disc formation, during which the stars become redder and brighter, and dissipation, as the stars move back to their intrinsic colors and brightness. However, the tracks in the color-magnitude diagram are often complex and dependent on the inclination angle, as discussed by Haubois et al. (2012) This conclusion gained further support when Carciofi et al. (2012) (hereafter C12) successfully modeled the light curve of a Be star. Their fit of the dissipation phase following the third outburst of ω CMa (see Sect. 2) allowed the authors to determine α = 1.0 ± 0.2.
ω CMa is one of the brightest Be stars (m v ≈ 3.6 to 4.2) in the sky and it has been a common target of observers. Therefore, there exists a rich dataset that has been investigated by several authors. In this paper we build upon C12's work by modeling the full light curve of ω CMa since late 1981 to late 2015. In the period of 34 years, the star went through four complete cycles of disc formation and dissipation. Our main goals are i) to verify that the VDD model can provide an adequate description of the photometric behavior of ω CMa during both the phases of disc formation and dissipation; ii) to determine the mass and AM loss rates associated with the disc formation phases; and, iii) to measure the viscosity parameter for each phase (outburst vs. quiescence) at each individual cycle.
In Sect. 2 we present the available V -band data of ω CMa. In Sect. 3 the theoretical framework adopted for the VDD is introduced. Sect. 4 presents a model-independent analysis of the light curve which was used as input for the VDD modeling presented in Sect. 5. In Sect. 6 the results are discussed and our main conclusions are summarized in Sect. 7.
OBSERVATIONS
V -band photometric data of ω (28) CMa (HD 56139, HR2749; B2 IV-Ve) are available from many sources starting in 1963. Unfortunately, the data from 1963 to 1982 are too sparse, so we focus on the data from 1982 onwards. The majority of the data correspond to visual observations using a modified version of the Argelander method (Hirshfeld & Sinnott 1985) , carried out from 1997 to the present. To increase the accuracy for estimating the small magnitude variations of ω CMa, a grid of standard stars (Table 2 in Stefl et al. 2003a ) was used to determine the visual magnitude. Thus, the availability of nearby comparison stars governs the accuracy that is typically better than 0. m 05. Another important part of the data were observed by Edalati and his professional and amateur collaborators during a survey of variable stars (Edalati et al. 1989) . The full assembled light curve is shown in Fig. 1 . The sources for the data are listed in the caption of the figure.
Since 1982, ω CMa exhibited four quasi-regular cycles with lengths varying between ∼7.0 to ∼10.5 years. Each cycle includes two main parts: 1) An outburst phase characterized by a brightening of 0. m 3 to 0. m 5 during ∼ 2.5-4.0 years and a reddening of B −V ≈ -0. m 15 to ≈ -0. m 10 (Stefl et al. 2003a) , and 2) a quiescence phase that lasts about ∼4.5-6.5 years. Throughout this text we refer to the cycles by Ci and to the phases by Oi and Qi for outburst and quiescence, respectively, where i is the cycle number.
An inspection by eye of the light curve of ω CMa re- Figure 1 . V -band light curve of ω CMa (grey triangles), showing four full cycles, as indicated. The thick solid line is a linear fit of the last 100 d of each cycle, indicating that the lowest brightness of each subsequent cycle is fainter than the previous one. Oi and Qi stand for outburst and quiescence phases, respectively, where i is the cycle number. The light curve is a collection of observations from the following sources: Baade (1982) , Stagg (1987) , Dachs et al. (1988) , Edalati et al. (1989) , photoelectric observations obtained in the Long-Term Photometry of Variables (Manfroid et al. 1991 (Manfroid et al. , 1995 Sterken et al. 1993) , Mennickent et al. (1994) , Hipparcos (Perryman et al. 1997) , Stefl et al. (2000) , and the visual observations by Otero (Stefl et al. 2003a ). The horizontal grey band represents the estimated intrinsic visual magnitude of the central star of ω CMa. The vertical dashed and dotted lines indicate the transitions between quiescence and outburst (and vice-versa).
Figure 2. V -band photometry of ω CMa. The data in different cycles are displaced horizontally in time so that the beginnings of all four dissipation phases are roughly aligned with the onset of the disc dissipation (vertical violet dotted line), and vertically so that the average magnitude of the last year of outburst is zero ( m v peak =0). Also, m v base is the average magnitude for the last two years of each dissipation phase. Each cycle is shown by an individual color as indicated. The epoch of onset of each dissipation phase (t d 0 ) was determined in Sect. 4, and is listed in Table 2 . veals some noticeable features. First of all, one can easily see a long-term secular decline in the brightness of the system in successive dissipation phases (the solid line in Fig. 1 ).
The difference between the minimum brightnesses of the first cycle and the fourth one is about 0. m 12. Moreover, outbursts and quiescence of different cycles clearly have different lengths and amplitudes. The main outburst phases are not smooth, but instead develop in steps, and several individual short-term (typically 30-day long) outbursts can be identified. The quiescence phases, however, are much smoother, and some short-term small-scale outbursts are also observed. In order to better identify the cycle-to-cycle variations, in Fig. 2 all four cycles are over plotted, shifted both in time and in magnitude. Figure 2 reveals that over the last 34 years, i) the cycle length is decreasing (from about 10.5 years for the first cycle to about 7.0 years for the fourth cycle); ii) The duration of the outbursts and quiescences are correlated: the longer the outburst the longer the subsequent quiescence phase; iii) The disc dissipation rate is faster in the last two cycles than in the first two. Maintz et al. (2003) presented a detailed analysis of the line profile variability of ω CMa, which is a single-mode nonradial pulsator (Stefl et al. 2003b) . They conclude that the star is viewed nearly pole-on (i = 15 • ). Their determination for the stellar parameters will be used in this work, and are listed in Table 1 . The star's apparent magnitude, m * v , was calculated with HDUST based on the adopted stellar parameters, assuming there is no disc around the central star. The error in m * v was estimated by considering a ±1σ uncertainty in the distance.
THEORETICAL CONSIDERATIONS

Model description
For the physical modeling of the light curve of ω CMa we used the radiative transfer code HDUST along with the time-dependent 1-D α-disc code SINGLEBE which provides the disc surface density and the mass flux as a function of distance from the star at each selected time. This, in turn, is used as input for HDUST to calculate the emergent spectrum as a function of time. The modeling procedure follows C12, Haubois et al. (2012) and Rímulo et al. (2018) , and is only summarized here.
For this paper the relevant quantities are the mass flux, M disc , and the AM flux,J disc . Assuming a Keplerian motion for the gas (e.g., Pringle 1981; Meilland et al. 2007) , the mass flux is related to the disc surface density, Σ(r,t), by the mass conservation relatioṅ
where v r is the radial speed, G is the universal gravitational constant, M * is the stellar mass, α is the viscosity parameter, c s is the isothermal sound speed, given by c 2 s = kT disc /µm H , and r is the distance from the star. The AM flux, according to the AM conservation relation, is given bẏ
where the first term is the AM flux that is carried with the radial motion of the gas and the second term is the AM flux due to the torque generated by the viscous force. The temporal evolution of the surface density is given by the following diffusion-like equation, which holds in the thin disc approximation (c 2 s GM * /r):
where R eq is the stellar equatorial radius,r is the normalized radius (r/R eq ) and S Σ represents the mass injection rate per unit area from the star into the disc. In this work, it was assumed that the star injects mass in a Keplerian orbit at a given rate,Ṁ inj , at a radius very close to the surface of the star, R inj = 1.02 R eq , at the equatorial plane (see below). This assumption may be too simplistic for some Be stars, because there is observational evidence pointing to asymmetric mass loss (e.g., the short-term V /R variations of η Cen, Rivinius et al. 1997) or matter being ejected at higher latitudes (e.g., Stefl et al. 2003a) . However, this is not an issue for this work, since after a few orbital periods, the matter loses memory of the injection process owing to viscous diffusion and orbital phase mixing. Hence, S Σ is assumed to be given by
wherer inj = R inj /R eq . Finally, we assume torque-free boundary conditions at the stellar surface (r = R eq ) and at a very distant outer radius (r = R out ). As the second term in Eq. (3) shows, this is accomplished by setting Σ = 0 at those boundaries. The outer boundary, in particular, could represent the limiting radius of the disc due to a binary companion (e.g., Okazaki et al. 2002) or due to the photoevaporation of the disc (e.g., Okazaki 2001) . It is important to mention that we are only concerned with the very inner part of the disc, as the visualflux excess originates in a very small disc volume close to the star (up to a few stellar radii, depending on the density scale, Carciofi 2011 , Vieira et al. 2015 .
The conservation of AM through the system composed by the star, the disc and the outside medium can be written as followṡ
where the first, second and third terms are the variation rates of the AM in the star, the disc and the outside medium, respectively. The second and third terms are obtained using the solution Σ(r,t) of Eq. (4), which allows us to obtain the AM lost by the star (the first term).
In a steady-state decretion disc, AM is injected at a constant rate (GM * R inj ) 1 2Ṁ inj at the radius R inj . This AM is divided into a constant AM flux inwards, for r < R inj , and a constant AM flux outwards, for r > R inj . Since in steadystate the AM in the disc (second term of Eq. 6) is constant in time, the constant flux outwards in the region r > R inj is the AM loss rate of the star. It is given by Rímulo et al. (2018) 
where
out ), withr out = R out /R eq , is a number usually just slightly larger than 1, as R out R eq . The steadystate AM loss rate, therefore, depends very little (through the factor Λ) on the outer radius of the disc, whose value is poorly known for a few Be stars, and completely unknown for most (Klement et al. 2017) . In the simulations presented in this work, we have setr out = 1000.
The steady-state surface density for radii larger than R inj is given by
from which we see that the disc density, a physical quantity that can be estimated, for instance, from SED modeling, scales with −J * ,std /α. Note that the Σ std andJ * ,std are just another way of expressing the rate of mass and angular momentum injection into the disc and the "std" subscript is used just to stress that these were defined in the steady-state limit.
The dynamical evolution of the disc surface density (Eq. 4) is driven by the time-variable source term of Eq. (5). It has been verified (Rímulo et al. 2018 ) that the solution of Eq. (4) for r >r inj is negligibly affected by variations of botḣ M inj (t) andr inj as long as the productṀ inj (t)(r 1 2 inj − 1) is kept unchanged. Since the radiusr inj is a quite unknown quantity, it follows that the mass injection into the disc is best described by the quantity defined in Eq. (7), which roughly represents the net AM injected into the disc. In this work, we have arbitrarily setr inj = 1.02.
At outburst, −J * ,std is non-zero, which results in an outflowing (v r > 0,Ṁ disc > 0) decretion disc. During this phase, the disc is slowly built inside-out . Quiescence is usually understood as a phase where −J * ,std = 0 (however, see Sect. 5). At this phase, the inner disc passively diffuses inward (v r < 0,Ṁ disc < 0) while the outer disc remains outflowing (see Fig. 10 of Haubois et al. 2012) .
From Eq. (4), the rate at which the surface density changes depends not only on the viscosity parameter α, but also on the stellar radius (which sets the size of the region over which diffusion happens), and the isothermal sound speed, which was estimated from the approximate relation T disc ≈ 0.6T pole (Carciofi & Bjorkman 2006) . As R eq and T pole are well-known for ω CMa (see Table 1 ), it follows that the observed changes in the light curve, being the result of variations of the disc density, are controlled only by −J * ,std and α. This realization forms the basis of the present analysis: −J * ,std and α are allowed to vary both in time and magnitude to reproduce the observed light curve. A byproduct of the hydrodynamic simulations isṀ disc as a function of time and distance to the star, from which we can determine the amount of mass and AM effectively lost through the disc.
The relation between the surface density, Σ, and the volume density, ρ, is given by
2 is the disc hydrostatically supported scaleheight.
In this paper, Eq. (4) is solved by the SINGLEBE code of Okazaki (2007) using the source term defined by Eq. (5) and (7). Given a prescription forJ * ,std , which can vary in time at will, SINGLEBE computes the corresponding temporal evolution of Σ(r,t).
Mass reservoir effect
As previously mentioned, only the inner parts of the disc contribute significantly to the visible excess emission observed in Be stars. From this it follows that the visible excess is not a good indicator of the total disc mass. This is easily understood if one considers the case of a disc fed at a constant rate for a very long time. Initially the brightness grows very fast, as a result of the increase of the density of the inner disc, but after a few weeks/months the light curve flattens out as the inner disc reaches a near steady-state configuration. The outer parts, however, continue to grow in mass without any effects on the visible light curve. To observationally probe these parts, one would have to follow up the light curve in the IR or radio wavelengths (Vieira et al. 2015 , Panoglou et al. 2016 .
When the disc feeding eventually ceases, the viscous forces that couple all the matter in the disc lead to the reaccretion of part of the disc back onto the star. In that case, discs that are very similar in their inner regions (having, therefore, similar visual excesses) but have different masses (as a result of a different previous evolution) will dissipate at different rates, owing to the fact that the inner region is viscously coupled to the outer parts. More specifically, a more massive disc can supply the inner regions with mass for a longer time than a less massive disc. As a result, the dissipation of more massive discs appears slower than the dissipation of less massive ones.
In Fig. 3 , we compare two disc models that have been fed at the same rate but for different time spans (3.0 yr and 30.0 yr). In this comparison, we arbitrarily fixed the time t = 0 as the end of the build-up phase. In both models, −J * ,std = 2.68 × 10 36 g cm 2 s −2 and α = 0.5. The inner regions of both disc models reach a near-steady surface density by the time of the end of the smallest build-up time (3.0 yr), thus, the surface density for the solid and dashed lines are nearly identical at t = 0 in the middle panel. The total disc mass is shown in the top panel. Aside from the obvious fact that the disc that was fed longer has a much larger mass, the plot clarifies that the dissipation rate of the more massive disc is much slower than the less massive one. This is more easily seen in the middle panel that displays the temporal evolution of the surface density for the two models. Finally, the third panel exhibits the corresponding light curves, demonstrating that the model that had the longer build-up time (and, hence, is more massive) dissipates at a much slower rate than the other model.
In the remainder of the text, we refer to the effect described above as the mass reservoir effect, following Rímulo et al. (2018) . This realization is important because it points to a fundamental difference between the light curves during disc build-up and dissipation: for the former, the rate at which the brightness varies depends only on α andJ * ,std while for the latter the rate also depends on how long the disc was fed. C12 did not include the mass reservoir effect in their analysis, as no modeling was done of the build-up phase that preceded the 2004 disc dissipation. As a result, we show below that the α determination in that study was overestimated by a factor of roughly five.
CYCLE LENGTHS, GROWTH AND DECAY RATES
Before discussing the results of the VDD modeling of the light curve of ω CMa, we present an analysis of the light curve made with the following formula
where m v (t) is the visual magnitude as a function of time, m 0 is the visual magnitude at the beginning of each section of the lighcurve (t = t 0 ), m is the asymptotic visual magnitude of each section, and τ is the associated time-scale of the brightness variation. The motivation for such an analysis is twofold. First, it allows for obtaining important information about the light curve, such as what are the relevant sections to model and their lengths. Second, as we expect that the rate of brightness variation is controlled mostly by α (see Eq. 4), this analysis will give us hints as to possible temporal variations of this parameter. As seen in Sect. 2, the light curve of ω CMa is composed of major outburst and quiescence phases over which several small-scale phases (flickers) are seen. The major phases are long-lived (a few months and longer) while the flickers happen over much shorter timescales. Since modeling all the phases in the light curve would be a very demanding task, we concentrate on fitting only the major phases, which are (arbitrarily) defined as the phases either longer than 3 months, and with magnitude variations larger than 0.05 or longer than 2 months, and with magnitude variations larger than 0.30. Selecting the desired phases was done after averaging the data in 30-day intervals as the resulted data formed a smoother light curve (the dark grey triangles in Fig. 4 ). This choice of focusing on the major phases is justified by i) considering that the short-term phases contribute little to the total mass budget of the disc, and ii) being short-lived, the short-term phases are usually poorly sampled by the observations. The important point is that by modeling only the major phases we have a good handle on the total disc mass at the end of build-up, which is important to model the dissipation phase because the disc dissipation is history dependent (Sect. 3.2). The results of the exponential fitting are shown in Fig. 4 , and the list of sections considered with their respective parameters are presented in Table 2 . The derived cycle lengths are also indicated in Fig. 2 by the horizontal arrows. The lengths of successive formation phases and successive dissipation phases were found to be decreasing, as anticipated in Sect. 2 by eye inspection. This phenomenon remains unexplained. On the other hand, it can be seen that there is a negative correlation between the length of formation and the rate of disc dissipation, as expected from the mass reservoir effect.
Finally, we found that the growth and decay time-scales of the light curve, τ, vary from cycle to cycle and also within a given cycle (Table 2 ). This result suggests that the viscosity parameter, α, is varying, as α is the main parameter controlling the disc evolution time-scales. The selected phases, as well as their starting times and duration, will be used in the next section as input for the VDD modeling of the light curve of ω CMa.
RESULTS OF THE APPLICATION OF VISCOUS DECRETION DISC MODEL
One of the most striking features of ω CMa's light curve ( Fig. 1) is that the star always presents a flux excess, if one assumes that the central star is intrinsically non-variable above the ∼ 0. m 05 level. This is a reasonable assumption, because known mechanisms that could cause the star to vary in brightness account only for variations of much lower amplitudes. For instance, pulsations could account only for short-period (days or less) variations at the tens of mmag level (e.g. Baade et al. 2016; Kurtz et al. 2015; Balona et al. 2011; Huat et al. 2009 ). In the following we therefore assume that a variable V -band excess was present in the past 34 years, and this excess is of disc origin.
The prevalence of a flux excess poses a modeling difficulty illustrated in Fig. 5 . In this figure, only a coarse fitting of the past four cycles was attempted. Each cycle was assumed to consist of a single outburst, during which the disc mass injection had a non-zero value, and a single quiescence, for which −J * ,std = 0. Furthermore, the viscosity was assumed to be constant throughout the four cycles. In of −J * ,std adopted in the models are listed in Table 3 . The calculations were performed using the hydrodynamic models described in Sect. 3.1. The models in Fig. 5 are clearly unable to reproduce the data. The single outburst assumption fails to reproduce the complex observed light curve, as expected. In the highviscosity models the inner disc quickly dissipates, and the flux excess quickly goes to zero, in stark contrast to the observations. Low-viscosity models perform no better: they fail to reproduce the initial phase of disc dissipation (having a too slow flux variation), and also the phase of nearlyconstant flux that is reached a few months after dissipation started. This simple model also cannot offer any explanation for the secular fading observed at the end of each quiescence phase.
In order to solve these issues, we propose an alternate scenario for the dimming phases of ω CMa, in which −J * ,std may be different than zero, as is usually assumed. Therefore, −J * ,std can have any physically sound value with larger −J * ,std for outburst phases during which the disc attains a higher density, and smaller −J * ,std for dissipation phases. In the transition between outburst and dissipation, the disc would therefore switch between a high density phase to a low density one. In other words, the dimmings observed in ω CMa would be partial, rather than full, disc dissipations.
In the following, we present a refinement of the model presented in Fig. 5 . The modeling assumptions are:
• The sections defined in Table 2 are modeled individually and in temporal succession.
• For each section of the light curve, the free parameters are the viscosity parameter α, the disc mass injection rate, parameterized by −J * ,std , and the starting time of the section.
• During dissipation, −J * ,std may have a non-zero value.
• Since the observations prior to 1982 are scarce, we did not attempt to model them. However, as observations clearly indicate the presence of a disc prior to 1982 (see Fig. 1 ), the model starts with a steady-state disc followed by a 5-year long dissipation that ends when O1 begins. The choice of 5-year dissipation is justified as this is the typical length of the observed dissipations. The assumed AM injection rate for this previous phase is consistent with the value assumed for the first cycle.
• Maintz et al. (2003) did not provide estimates for the uncertainties in the stellar parameters and although variations in the stellar parameters might affect our results, we trust their values for modeling simplification. 
Results for the first cycle
Modeling started by considering a single value of α = 1.0 for the first part of O1. Other possible values of α were not examined because the data for this part are very sparse. This small-scale outburst (O1 o1 ) was modeled as the continuation of a 5-year long quiescence that started with a steady-state disc (see above).
For the remaining sections of O1, which alternate buildup with dissipation phases, we explored three different values of α (0.10, 0.50, and 1.00 - Fig. 6, left panel) . For the dissipation phases, the criterium used was to favor models that matched better the lower points in the light curves, as the higher points likely result from small-scale, poorly-sampled outbursts (flickers) on top of the dissipation. The reduced chi-squared values, χ 2 red , for each model, shown in the plot, clearly indicate that the α = 1.0 model better fits all sections of O1. A complex AM injection rate is necessary to reproduce the general behavior of the light curve in O1. A graphical representation of the AM injection rate is shown in the third panel of Fig. 11 . The dissipation phase that followed O1 (Q1) has a much smoother shape, with only a handful of small-scale flickers, which greatly facilitates the modeling. It is possible that the smoother shape during dissipation is simply a result of the lower mass injection rate: when the star is less noisy, its mean mass injection rate is also lower, and, as a result, the disc dissipates. We determined that −J * ,std decreases from 4.9 × 10 36 g cm 2 s −2 at the end of O1 to 2.1 × 10 35 g cm 2 s −2 at the end of Q1, causing an overall density decrement (see Fig. 11 ) that explains the observed decrease in the disc excess (∆V = 0.39). We found a best-fit value of α = 0.20 ± 0.03, shown in the right panel of Fig. 6 , along with models for other values of α for comparison. The inset shows the χ 2 red of the fit as a function of α. The best fit value was determined from the minimization of the χ 2 red value, for which we adopted the following definition:
where (m obs v,i and m mod v,i are the observed and model magnitude, respectively, σ i is the observed magnitude error, and N is the total number of data points that were fitted. The best α value is found at the minimum χ 2 red function, which was computed for a grid with a step size of 0.01. The uncertainty of this value was estimated from the ∆χ 2 red,0.90 = χ 2 red − χ 2 red,min intersections, where ∆χ 2 red,0.90 is a function of the number of degrees of freedom of the fit for 90% of confidence (see Chapter 11 of Bevington & Robinson 1992) . For all the cases, the derived uncertainty value was found to be larger than the adopted step size, and therefore the χ 2 red function was sufficiently well sampled.
Results for the second cycle
The model fitting of the second cycle followed the same procedure as presented for the previous cycle. In many ways, the second cycle is similar to the first one. As before, O2 is composed of alternating phases of build-up and dissipation, which implies a complex disc feeding history. A short dissipation phase (O2 q2 ) precedes the long dissipation phase Q2.
Again, a value of α = 1.0 seems to best represent the entire O2 phase. For Q2, we estimate α = 0.13 ± 0.01 and −J * ,std = 5.8 × 10 33 g cm 2 s −2 . The fit model is shown in Fig. 7 .
Results for the third cycle
For the build-up phases of the third cycle (O3), we again explored α values of 0.10, 0.50 and 1.00 (Fig. 8, left panel) . The minimum χ 2 red values indicated that α = 1.00 fits better the O3 o1 section, while α = 0.10 provides a better fit for the O3 o2 section. However, we believe this last value to be of little statistical significance, as the initial phase of O3 o2 , when the largest brightness variations happen, is poorly sampled. Furthermore, O3 o2 displays a quite complex behavior, with many small-scale flickers. As was the case for O1, a complex AM injection rate is needed to explain the photometric behavior of O3, with −J * ,std ranging between 6.1×10 35 g cm 2 s −2 and 5.4 × 10 36 g cm 2 s −2 .
Q3 is of particular relevance because it was previously studied by C12 who found α = 1.0 ± 0.2, which is about 5 times larger than our result of α = 0.21 ± 0.05 (Fig. 8, right  panel) . This large discrepancy deserves a careful examination.
One reason behind the discrepancy between our results for Q3 and C12's is the different boundary conditions used in SINGLEBE: C12 assumedr inj = 1 and that the inner boundary condition was inside the star (at r = 0.85 R eq ), while we assumedr inj = 1.02 and that the inner boundary condition is at the stellar equator. Figure 9 illustrates the effect of this change in the boundary condition, by comparing two equivalent models with the two different boundary conditions. The boundary conditions used in this work result in a faster disc dissipation, which in turn means that the α required to match the observed rate of dissipation is smaller. However, this is a small effect, and can explain differences of only ∼30% between the results.
The main reason for the discrepancy between the results of C12 and ours is the mass reservoir effect (Sect. 3.2). C12 modeled Q3 by assuming a long previous build-up phase. Therefore, their model overestimated the disc mass at the onset of Q3, which, in turn, caused α to be overestimated.
Our results do not suffer from this issue, as we properly took the previous history into account.
Results for the fourth cycle
As before, to study O4 we explored three values of α for each section. O4 displays the most complex behavior of all the outbursts, with rapid switches between brightenings and fadings. As a result of our modeling assumptions, according to which we do not attempt to model phases shorter than 60 days, the model fails at reproducing the detailed behavior of the light curve. Figure 10 , left panel, shows how each model compares with the data. Formally, the χ 2 red values of each section suggest that α may be varying during the outburst from 0.1 to 1.0.
However, we believe these results should be viewed with some caution, as they may depend on the particular choice for the beginning and end of each section. The important point to emphasize is that the modeling, irrespective of the particular choice of α reproduces the general behavior of the light curve, which is enough to estimate the total disc mass at the end of O4. As previously discussed, knowing the total disc mass at the end of the outburst is necessary to properly model the subsequent dissipation phase. The complex behavior of O4 is suggestive of a quite complex AM injection history, as shown in Fig. 11 .
The model for Q4 results in α = 0.11 ±0.01 and −J * ,std = 2.8 × 10 33 g cm 2 s −2 . It is interesting to note that even though small, this −J * ,std is required to reproduce the slight excess still present at the end of Q4 under the hypothesis of reliable stellar parameters.
DISCUSSION
The life cycles of ω CMa's disc
In Sect. 5 we presented the first physical model (VDD model) to fit the light curve of a Be star including several formation and dissipation phases. It was necessary to consider varying the α parameter to achieve a satisfactory result. The top panel of Fig. 11 summarizes our model results. The light curve was fitted using higher values of α for formation phases while the dissipation phases needed lower values (see Sect. 6.3). Moreover, we found that α is not related to the cycle to cycle variations, and is not increasing nor decreasing continuously. The separation between the horizontal grey band (expressing the intrinsic magnitude of the star) and the model curves suggests that ω CMa never experiences a true quiescence, but instead switches between a high-density phase (outburst) and a low-density one (dissipation). A true quiescence may only have been reached at the end of the last cycle.
The estimated values of α are in rough agreement with the values derived for dwarf novae (King et al. 2007; Kotko & Lasota 2012) , as well as with the values acquired for the SMC by Rímulo et al. (2018) . They are, however, an order of magnitude or more above the usual values obtained in magnetohydrodynamic simulations that employ the magnetorotational instability (MRI, Balbus & Hawley 1991) as a possible mechanism to explain the viscosity.
Some studies in the literature (e.g., Touhami et al. 2011; Fig. 6 for the third cycle. The best fit values were α = 1.0 for O3 o1 , α = 0.1 for O3 o2 , and α = 0.21 ± 0.05 for Q3. Vieira et al. 2017 ) use the following power-law approximation for the disc density:
where ρ 0 is the volume density at the inner rim of the disc (base density). The density slope n varies between 1.5 -3.5 with a statistical peak probability around 2.4 (Vieira et al. 2017) . Studies of individual stars reported values between 1.5 to 4.2 for n and 7 × 10 −13 to 4.5 × 10 −10 g cm −3 for ρ 0 (e.g., Carciofi et al. 2006 , 2009 , Gies et al. 2007 , Tycner et al. 2008 , Klement et al. 2015 , and Vieira et al. 2015 . The values of ρ 0 reported in the literature can be compared to the ones obtained for ω CMa in the second panel of Fig. 11 . We found that ρ 0 is varying between 2.9 × 10 −13 to 5.0 × 10 −11 g cm −3 which is almost two orders of magnitude in range.
The life cycles of Be star discs were discussed by Vieira et al. (2017) , who modeled the infrared emission of 80 objects, at up to three different epochs (IRAS, WISE and AKARI data). By adopting a simple power-law prescription for the disc density profile, they estimated the ρ 0 and n values for this large sample. Their results suggest a strong correlation between these parameters that were interpreted in terms of the time-dependent VDD properties. For that purpose, they computed representative evolutionary tracks over the n − log ρ 0 diagram, representing scenarios such as a long disc build-up followed by a full disc dissipation, and cyclic cases where build-up and dissipation alternate on a regular basis. Their results suggested an evolutionary inter- Figure 9 . Effect of boundary conditions in the SINGLEBE code. The dashed line represents the model in which the inner boundary condition is inside the star (used by C12) and the solid line shows the model in which the boundary condition is at the stellar equator that we used. The dashed line exhibits a slower dissipation phase for an equal value of α used in the other model. pretation of the disc as forming, steady-state or dissipating in different parts of the n − log ρ 0 diagram. Fig. 12 shows the tracks of ω CMa's photometric cycles over the n − log ρ 0 diagram, calculated according to the procedure used by Vieira et al. (2017) . Each of ω CMa's cycles corresponds to a loop in this diagram. Major outbursts are accompanied by a rapid excursion to the forming discs region, where the disc has both a large base density and density slope. Once the outburst developed for a sufficiently long time, the track reaches the steady-state region, where the disc inner region is fully built-up (large ρ 0 ) and n 3.5. This situation is especially clear for the first two cycles, for which the build-up phases are longer.
Once the outburst ends, the mass injection rate drops abruptly. As a result, the base density decreases, and the density profile becomes flatter (smaller n). The subsequent loops grow wider with time, reaching smaller n − ρ 0 values for the last cycles. This happens because the quiescent level of −J * ,std also decreases with time (Fig. 11) , which causes the disc to reach smaller densities. Vieira et al. (2017) concluded that there is a correlation between the spectral type and the disc density with the specific sub-population B2 type stars being more concentrated in the central region. The results for the case of ω CMa (B2 type star) shown in Fig. 12 are in very good agreement with those found for similar stars in the Galaxy.
Angular Momentum Loss
The modeling of four complete cycles of ω CMa allows us to calculate the total AM lost by the star in the past 34 years. This quantity is given by
whereJ * (t) comes from Eq. (6). In Fig. 13 , the thick solid red curve shows −∆J * (t) for t 0 = 44960.5. The outburst phases O1, O2, O3 and O4 correspond to intense AM losses, while during quiescence (Q1, Q2, Q3 and Q4) some of the AM comes back to the star with the part of the disc matter that was reaccreted during these phases. At each inflection of the curve, representing the transition between outburst and quiescence or vice-versa, the dotted blue curves show the AM that would have been lost by the star had the AM injection been completely ceased from that instant on. The horizontal lines indicate the asymptotic value of these curves. Because in ω CMa the quiescence phases are not true quiescences, a net AM is still lost in these phases. It has been proposed (e.g., Krtička et al. 2011 ) that, as the star evolves through the main sequence, the formation of the VDD would be a natural mechanism to extract AM from the outer layers of the star, preventing it from exceeding the break up velocity. Granada et al. (2013) , using the Geneva stellar evolution code, estimated the theoretical rate of AM loss expected during the main sequence evolution of stars with different masses and metallicities. To do so, they assumed the appearance of a steady-state viscous decretion disc every time the outer layers of the star reached a given rotation rate limit. Rímulo et al. (2018) found that the predictions of the Geneva code for AM loss rates are much larger than the actual rates observed in Be stars from the SMC (compare the blue line with the shaded areas in Fig. 14) . Our results suggest a similar disagreement for the Galactic Be star ω CMa. For a star of Galactic metallicity and 9.0 M , the AM loss rate computed by Granada et al. (2013) was 1.3 × 10 37 g cm 2 s −2 (green line in the third panel of Fig. 11 ), which is almost eleven times larger than the mean value estimated from this work. Incidentally, it is interesting to point out that ω CMa loses AM at a rate similar to that of a similar 9.0 M Be star in the SMC. Therefore, at this point our result does not indicate any difference in the AM loss rate as a function of metallicity. Clearly, to properly address this issue a large sample of Galactic Be stars must be investigated.
The third panel of Fig. 11 shows the evolution of −J * ,std during 34 years (black line) that varies between 3.0 × 10 33 to 5.4 × 10 36 g cm 2 s −2 . During the formation phases the value of −J * ,std increased noticeably, except for the O3 section that corresponds to a low value of the α parameter. The dissipation phases match the decrease in −J * ,std but may never go to zero. The red lines represent the mean AM loss rates of the star in each phase. The blue horizontal line represents the mean AM loss rate in the period of 34 years (< −J >) covered by the light curve of ω CMa. This rate is 1.2 × 10 36 g cm 2 s −2 , and the total AM lost in the whole studied period was 1.3×10 45 g cm 2 s −1 . From the Geneva evolutionary models, a B2 star with W=0.73 has a total AM of 2.1 × 10 53 g cm 2 s −1 . Thus, the AM lost over 34 years, is just 6 × 10 −9 of that. Even if we extrapolate the measure of AM loss rate for the entire main sequence lifetime, which is about 3.25 × 10 7 yr, this would correspond to 0.006 of the total AM of the star.
The fourth panel of Fig. 11 demonstrates the variation of the AM flux (−J) for the four cycles of ω CMa at different radii (1.4, 2.0 and 10.0 R eq ). While −J has both positive (losing) and negative (gaining) values at 1.4 and 2.0 R eq it never has a negative value at the outer radius 10.0 R eq meaning that, from this distance outward, the disc always remains a decretion disc (Rivinius et al. 2013b) . Rivinius et al. (1999) provided strong evidence for the quasi-Keplerian nature of Be discs even before they were resolved by interferometry. The values of AM presented above correspond to the radial velocity (v r ) between ∼ -3 to ∼4 km/s in the ω CMa's disc which is in good agreement with Figure 10 . Same as Fig. 6 for the forth cycle. The best fit for O4 was obtained with α = 1.00 for the first, second, and fourth sections and α = 0.10 and 0.50 for third and fifth sections. For the dissipation phase, α = 0.11 ± 0.03.
the typical values presented in Rivinius et al. (1999) . Moreover, comparing these values to the orbital velocity (v orb ) of ∼500 km/s in the inner rim of the disc, we find that our results match the detailed hydrodynamic simulations which show that for most of the disc (within at least several tens of stellar radii), the azimuthal velocity is much larger than the radial velocity (Krtička et al. 2011 ).
Evolution of the disc temperature
One of the significant results of this work is that, with the exception of O3, the values of α are larger during the formation phase than during dissipaiton. As described in Sect. 5.3, however, the result of O3 may be of little statistical significance as the early stages of the outburst are poorly sampled. This result is consistent with the findings of Rímulo et al. (2018) who studied 81 disc formation and dissipation phases of 54 Be stars in the Small Magellanic Cloud. As Eq. (4) shows, the timescale of disc evolution is set by the factor αT . In the SINGLEBE hydrodynamic calculations the disc was set to a constant isothermal temperature of T isot = 13200 K, following Carciofi & Bjorkman (2006) . However, the HDUST simulations that are run for selected times of the disc evolution calculate the coupled problem of radiative and statistical equilibrium, thus determining the gas kinematical temperature as a function of position and time. In this section we investigate whether this inconsistency in the modeling might be responsible for α being larger at build-up than dissipation.
We begin by defining the mass-averaged temperature of the disc inside a spherical shell of inner radius R eq and outer radius r
where M disc,r is the mass of the disc inside the same spherical shell, given by
and T disc is the disc temperature as a function of position as calculated by HDUST. Fig. 15 shows the evolution of T disc r and M disc,r for two values of r: r = 3R eq , corresponding to the inner disc, where most of the visual continuum flux comes from (lower panel), and r = 18R eq , corresponding to the whole simulated disc by HDUST (upper panel).
The behavior of M disc,3 (t) and M disc,18 (t) qualitatively follows the behavior of the light curve, as expected, since the formation and dissipation phases are associated with increasing and decreasing disc mass. The rate of evolution of M disc,3 (t) is much faster than M disc,18 (t) because the viscous timescale scales as r 0.5 . In other words, the inner disc reacts much faster to changes in the disc feeding rate than the whole disc does. The mass-averaged temperature, however, presents a different behavior: in the inner disc, the average temperature is positively correlated with the disc mass, but the opposite happens for the whole disc. To understand this, we plotted the temperature profile of ω CMa at the end of O1 (high-mass state) and at the end of Q1 (low-mass state) in Fig. 16 , that shows that the inner disc is hotter in the high-mass state while the bulk of the disc is hotter in the low-mass state which naturally explains the above correlations.
From Fig. 15 we conclude that the average temperature at the inner disc during build-up is larger than during dissipation by ∼ 800-1700 K, and the reverse is true for the whole disc, but with smaller temperature differences (∼ 250-350 K). There is spectroscopic evidence for such variations for the stars δ Sco and η Cen, notably the coexistence/balance between FeIII and FeII emission/absorption, but also HeI/HeII (unpublished data).
Let us now examine the effects that the temperature differences in both phases might have on the α determination. Any combination of α and T that keeps αT unchanged does not affect the surface density solution Σ(r,t). Therefore, assuming that the real value of the viscosity, α real , is associated with the temperature calculations shown in Fig. 15 , by using an isothermal disc temperature in the hydrodynamic calculations we introduce a bias in the α determination given roughly by
Here, we ignore possible temporal and radial variations of α. Given that the hydrodynamic calculations are isothermal, this bias is certainly present in our α determinations. However, the effect is likely small, as the temperature variations between the different phases amount to only 5-10% (Fig. 15) , which means that the bias in α would be at most around 10%. To properly address this issue, non-isothermal hydrodynamic calculations, coupled with radiative transfer, should be performed, which is beyond the scope of this paper. However, because the calculated differences in α for the 3.5 3.6 3.7 3.8 3. Granada et al. (2013) . The ordinate is broken for better presentation of the low values against the high ones. Fourth panel: AM flux as a function of time, at different positions in the disc. The blue, green and red lines correspond to r = 1.4 R eq , r = 2.0 R eq , r = 10.0 R eq , respectively.
build-up and dissipation phases are much larger than the above, we conclude that these differences are real.
On the other hand, in a recent paper, Kee et al. (2016) discuss the role of radiative ablation in the mass budget of Be discs. They show that radiation forces can play an important role in dissipating the disc, and some of their model calculations show that a disc wind can ablate the entire disc in timescales of order months to years comparable to what is observed. However, their model calculations were performed in the optically thin approximation, which clearly do not apply in our case. Therefore, it is possible that radiative ablation plays a role in Be disc dynamics, but the extent of this Figure 12 . Evolutionary tracks computed for each of ω CMa's cycles over the n − log ρ 0 diagram. The epochs were selected to cover the beginning, middle and the end of each phase. These tracks were superimposed to the parameter distribution of the sample of Vieira et al. (2017, gray contours, integral normalized to unity) . The evolutionary regions proposed by these same authors are also indicated (shaded regions). The scatter distribution of sample Galactic stars is represented by the grey circles.
role remains to be determined. In principle, if radiative ablation is important in ω CMa's case, the values of α quoted in this paper are likely upper limits. Future work is necessary to answer this question.
CONCLUSIONS
We investigated the V -band light curve of ω CMa that, in the past 34 years, underwent four complete cycles of disc formation followed by a partial dissipation. Typically, formation phases lasted between ∼ 2.5-4.0 years and the dissipation phases ∼ 4.5-6.5 years. The results of a detailed VDD hydrodynamic modeling coupled with 3-D radiative transfer calculations suggest six main conclusions: 1) We demonstrate that the VDD model is capable of reproducing the disc variability during both build-up and dissipation phases.
2) Different values of α, in the range of 0.1 − 1.0, were required to model the data. Typically, the values of α during the formation phases are higher than during dissipation. A similar trend was recently found for a sample of Be stars in the SMC (Rímulo et al. 2018 ). The reader is referred to this work for a discussion of possible causes for this phenomenon.
3) Even during apparent quiescence, the disc feeding by the star does not seem to fully vanish. On time scales of a month or two, the star always ejects matter. 4) Depending on the distance from the star, the AM flux may be positive (decretion) or negative (accretion). The average AM lost by the star is always positive, even during apparent quiescence.
5) The total AM lost by the star during the 34 years of observations is 1.3 × 10 45 g cm 2 s −1 which is 6 × 10 −9 of the total AM of the central star. If extrapolated for the whole main sequence, this would suggest that about 0.006 of the initial 45000 47000 49000 51000 53000 55000 57000 59000 61000
Time ( Rímulo et al. (2018) for the Be stars in the SMC, in comparison to the estimated values by Granada et al. (2013) for the Galaxy (green curve) and the SMC (blue curve).
AM content of the star would be lost. This value is about eleven times smaller than the requirements of the Geneva evolutionary models of fast rotating stars. This result agrees with the study of 54 Be stars in the SMC done by Rímulo et al. (2018) . 6) When compared to Galactic Be stars of similar spectral type, ω CMa displays a similar disc density scale.
In a forthcoming study, we will extend the analysis made in this paper to other observables, namely emission line pro- End of O1 End of Q1 Figure 16 . Temperature of the disc as a function of radius at the end of O1 (solid line) and Q1 (dashed line) representing the fact that the inner disc is hotter in the high-mass state while the bulk of the disc is hotter in the low-mass state.
files, continuum polarization and IR spectrointerferometry. As these observables originate in different parts of the disc, this analysis will allow us to tackle the interesting question of whether the viscosity parameter varies with the distance from the star or not.
